STABILITY OF BANACH SPACES VIA NONLINEAR e-ISOMETRIES 



DUANXU DAI^ AND YUNBAI DONG^ 

Abstract. In this paper, we prove that the existence of an e-isometry from a separable 
CO ' Banach space X into the James space J' also implies the existence of a linear isometry 

, from X into J'. Then we present a set valued map version theorem on non-surjective 

^ ■ e-isometries of Banach spaces. Using the above results, we also discuss the stability 

D ' of Banach spaces on convexity and smoothness under the perturbation of e-isometries. 



o 



1. Introduction 

Throughout the paper X and Y denote real Banach spaces. An isometry from X to 7 



< 

c3 I is a map / : X — > 7 such that 



for all x,y e X. 



\\m-fiy)\\ = \\x-y\\ 

> 

^ I For surjective isometrics, Mazur and Ulam [ 1 3] have given a perfect result. They 

showed that if / is a surjective isometry between two real Banach spaces, then / is 
affine. While a non-surjective isometry is not necessary affine, for example, we define 
by f(t) = (t, sint) from R into 
^ . In 1967, Figiel [6] proved the following remarkable result on non-surjective isome- 

tries, which is an appropriate substitute for the Mazur-Ulam theorem. 

Theorem 1.1. {Figiel). Let / : X — > Y be an isometry with /(O) = 0, and let L(f) = 
spanf(X). Then there exists a bounded linear operator P : L(/) — » X with \\P\\ = 1 
such thatP o f = I ( the identity) on X. 

We next recall the following concept which is related to isometrics of Banach spaces. 
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Definition 1.2. Given £ > 0, a map / : X — > 7 is called an e-isometry if 

|ll/W - f(y)\\ -\\x-y\\\<s for all x,y£X. 

These maps were first studied by Hyers and Ulam [10], and they proposed the fol- 
lowing question: Whether for every surjective e-isometry f : X ^ Y with /(O) = 
there exists a surjective linear isometry U : X ^ Y and y > such that 

Wfix) - U(x)\\ < ys, for all x e XI 

Based on a decisive result of Gruber [9], Gevirtz [7] proved that the answer to the 
Hyers-Ulam problem is positive with y = 5. The following sharp estimate was finally 
obtained by Omladic-Semrl [15]. 

Theorem 1.3. (Omladic-Semrl). Iff : X ^ Y be an surjective s-isometry with f(0) 
0, then there is a surjective linear isometry U : X ^ Y such that 

Wfix) - U(x)\\ < 2s, for all x £ X. 

In light of Figiel' theorem, the study of non- surjective e-isometries has also brought 
mathematicians great attention. Qian [17] first proposed the following problem in 
1995. 

Problem 1.4. Whether there exists a constant y > depending only on X and Fwith 
the following property: For each e-isometry f : X ^ Y with /(O) = there is a 
bounded linear operator T : L(f) — > X such that 

\\Tf(x)-x\\<y£, forallxeX, (1.1) 

where L(f) = spanf(X). 

Then he showed that the answer is affirmative if both X and Y are Lp spaces. Semrl 
and Vaisala [19] further presented a sharp estimate of inequality (1.1) with y = 2 if 
both of them are Lp spaces for 1 < p < oo. 

The answer of Problem 1 .4 may be affirmative for some classical Banach spaces X 
and Y. But, unfortunately, Qian further gave a counterexample. 
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Example 1.5. Given s > 0, and let Fbe a separable Banach space admitting a uncom- 
plemented closed subspace X. Assume that g is a bijective mapping from X onto the 
closed unit ball By of Y with g(0) = 0. We define 

f:X^Yby f{x) = x + sg{x)/2, for all x £ X 

Then / is an e-isometry with /(O) = and Y = L(f). But there are no such T and y 
satisfying inequality (1.1). 

This disappointment makes us to turn to consider some appropriate complementabil- 
ity assumption in study of stability of non-surjective e-isometries. Recently, Cheng, 
Dong and Zhang show the following theorems in [4] . 

Theorem 1.6. (Cheng-Dong-Zhang). Let X and Ybe Banach spaces, and let f : X ^ 

Y be an s- isometry with /(O) = Ofor some e > 0. Then for every x* e X*, there exists 
6 7* with = = r such that 

\{(p, fix)) -{x*,x)\< Asr, for all xeX. 

Theorem 1.7. (Cheng-Dong-Zhang). Let X and Y be Banach spaces, and let f : X ^ 

Y be an s— isometry with /(O) = Ofor some e>Q, then 

(i) IfY is reflexive and ifE is a-complemented in Y, then there is a bounded linear 
operator T : Y —> X with \\T\\ < a such that 

\\Tf(x) - x\\ < As, for all x e X. 

( ii) IfY is reflexive, smooth and locally uniformly convex, and ifE is a-complemented 
in Y, then there is a bounded linear operator T : Y —> X with \\T\\ < a such that the 
following sharp estimate holds 

WTfix) - x\\ < 2s, for all x e X. 

After that, Cheng, Dai, Dong and Zhou in [ ^] first showed that for Banach spaces 
X and Y if such an e-isometry / : X — > 7 exists, then there is a linear isometry 
U : X** y**; in particular, if y is reflexive, then there is a linear isometry U :X ^ Y, 
and then introduced a notion called left (right) universal stability spaces. 
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Definition 1.8. ([: ]) A Banach space X (resp. Y) is said to be a left (resp. right) 
universal stability space if for every Banach space y(resp. X) and every e-isometry 
f : X ^ Y with /(O) = 0, there exist a bounded linear operator T : L(f) X and 
oo > y > such that 

\\Tf(x) - x\\ < ys, for all x e X, 
that is, inequality holds. Such pair (X, Y) are called stable. 

As a result, by using the Cheng-Dong-Zhang theorem (i.e.. Theorem 1.6) and the 
Lindenstrauss-Tzafriri theorem they proved that up to linear isomorphism, right univer- 
sal stability spaces are just Hilbert spaces and that every injective space is universally 
left-stable. They also verified that an isomorphic copy contained in £oo is universally 
left-stable if and only if it is also an isomorphic copy of £co, and that a separable space 
X satisfies that the pair (X, Y) is stable for every separable Y if and only if X is an 
isomorphic copy of cq. 

Definition 1.9. ([2]) A Banach space X is said to be cardinality injective, if there is a 
A > such that for every Banach space Y isometrically containing X and card(y) < 
card(X) , there is a projection P : 7 — > X with \\P\\ < A. 

L. Bao, L. Cheng, Q. Cheng and D. Dai in [2] showed that if a dual Banach space 
is universally left-stable, then it is isometric to a complemented w*-closed subspace 
of ^oo(r) for some index set F, hence, an injective space; and that a Banach space is 
universally left-stable if and only if it is a cardinality injective space. Therefore, the 
universally-left- stability of Banach spaces is isomorphically invariant. 

In section 2, we introduce some notation which will be very useful for our proof 
of main results, here we refer the interested readers to the Phelps's book [16] and 
Megginson's book [i^] for more details. 

In section 3, by using the Rosenthal's £i theorem 3.3 and the Cheng-Dong-Zhang 
theorem (i.e.. Theorem 1.6) we first show that if there is a e-isometry from a separable 
Banach space X into a Banach space Y containing no £i, then there exists a linear 
isometry from X into Y** ( In particular, if Y is the James space J then there is a linear 
isometry from X into ^ ). Then we present a set valued map version of Theorem 1.6 
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via continuous linear selections of a set valued map, i.e., Problem 3.6 and further find 
a weaker solution of Problem 1.4, i.e.. Lemma 3.7 and Theorem 3.8. We also discuss 
the stability of convexity and smoothness in Banach spaces under the perturbation of 
e-isometries and then address some open Problems. 

2. Preliminaries and notation 

Recall that a set valued map F : X ^ 2^ is said to be usco provided it is nonempty 
compact valued and upper semicontinuous, i.e., F(x) is nonempty compact for each 
X e X and {x e X : F(x) c U} is open in X whenever U is open in Y. We say that 
F is usco at ;c € X if F is nonempty compact valued and upper semicontinuous at X, 
i.e., for every open set V of Ycontaining F(x) there exists a open neighborhood UofX 
such that F(U) c V. Therefore, F is usco if and only if F is usco at each x e X. 

A function (p : X ^ Y is called a selection of F if (p(x) e F(x) for each x & X, 
moreover, we say </? is a continuous (linear) selection of F if ^ is also continuous 
(linear) map. We denote the graph of F by G(F) = {(x,y) e XxY : y e F(x)}, we write 
Fi c F2 if G{Fi) c G(F2). A usco map F is said to be minimal if E = F whenever E 
is a usco map and E <z F . 

We list in the following some useful statements about usco maps and subdifferential 
mappings (See Phelps [16]). 

Lemma 2.1. By Zorn's Lemma, every (convex) usco map has a minimal (convex) usco 
map. 

Lemma 2.2. Let F be a minimal usco map on the Baire space X with compact values 
in the Hausdorjf space (7, r) and d be a metric on Y. Suppose that for every nonempty 
open subset U ofX there exist nonempty open subsets V of U such that F(V) contain 
relatively open subsets of arbitrarily small d-diameter. Then there exists a dense Gs 
subset DofX such that F is single-valued and d-upper semicontinuous at each point 
ofD. 

Proposition 2.3. Suppose that Fy, F2 are set valued maps from X into 2^ such that 
F2 c Fi and Fi is usco. Then F2 is usco if and only ifG{F2) is closed. 
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Definition 2.4. A convex function g defined on a nonempty open convex subset C of 
X is said to be Gateaux differentiable at x e C provided the limit 

t^O t 

exists for each y &X. 

Proposition 2.5. Suppose that X is a Banach space, g is a continuous convex function 
on a nonempty open convex subset C ofX. Then g is Gateaux differentiable at each 
point X € C if and only if there is a norm-w* continuous selection of its subdifferential 
mapping dg : C ^ TF defined for every x e C by 

dg{x) = {x* e X* : giy) - g{x) > x*{y - x), for all y e X}. 

and that X is Gateaux differentiable ( smooth ) if and only if\\-\\is Gateaux differentiable 
at each point ofSx if and only ifd\\ ■ \\ is single valued at each point ofSx- 

The following classical results about rotundity and smoothness of Banach spaces 
can be founded in Robert E. Megginson's book [14], P. 425-516. In section 3, we will 
discuss the stability of rotundity (also called convexity) and smoothness of Banach 
spaces via e-isometries. 

Definition 2.6. ( [14] ) 

(i) X is said to be uniformly Gateaux smooth provided the limit 

lljc + rjII-IWI 
lim 

t^o t 

exists for each x e Sx and y & X, and furthermore the convergence is uniform for x in 
Sx whenever y is a fixed point of S x', 

(ii) X is said to be Frechet smooth provided the limit in (i) exists for each x e S x 
and y & X, and furthermore the convergence is uniform for y in Sx whenever x is a 
fixed point of 5x; 

(ii) X is said to be uniformly Frechet smooth (i.e., uniformly smooth) provided the 
limit in (i) exists for each x e Sx and y £ X, and furthermore the convergence is 
uniform for (x,y) in SxXSx- 
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Proposition 2.7. ( [ 1 4] j X (X*) is w (w* )-uniformly rotund whenever (x„) and (y„) are 
sequences in S x ( S x' ) and \\^(x„ + y„)\\ 1, it follows that x„ - y„ weakly (resp. 
weakly star) converges to 0. In particular, X is said to be uniformly rotund if x„ - yn 
norm- converges to 0. 

Proposition 2.8. ([14]j Suppose thatX* is the dual space ofX. Then 

( i) X is strongly rotund if and only ifX* is Frechet smooth; 

( ii) X is strongly rotund if and only ifX is reflexive, rotund and has the Radon-Riesz 
property; 

(Hi) X is Frechet smooth ifX* is strongly rotund; If, in addition, X is reflexive, then 
the converse also holds; 

(iv) X is uniformly Gateaux smooth if and only ifX* is w* -uniformly rotund; 

(v) X is weakly uniformly rotund ifX* is uniformly Gateaux smooth; The converse 
also holds for reflexive X; 

(vi) X is uniformly rotund (uniformly smooth) if and only ifX* is uniformly smooth 
( uniformly rotund). 

Definition 2.9. ([1], [5]) A Banach space (resp. separable Banach space) X is said to be 
injective (resp. separably injective) if it has the following extension property: Every 
bounded linear operator from a closed subspace of a Banach space (resp. separable 
Banach space) into X can be extended to be a bounded operator on the whole space. 

A completed introduction to injective Banach spaces and separably injective Banach 
spaces can be founded in Albiac and Kalton's book [ ], also in Fabian, Habala, Hajek, 
Montesinos and Zizler's book [5]. According to [2]and [3], analogously, we have the 
following Theorem 2.10 which is left to the interested reader to prove. 

Theorem 2.10. A (resp. separable) Banach space X is injective (resp. separably 
injective) if and only if for each (resp. separable) Banach space Y, there exists a 
constant y > depending only on X with the following property: For each s-isometry 
f -.X ^ Y with /(O) = there is aw* -w* continuous linear selection of the set-valued 
map (^from X* into 2^ deflned by 

0(jc*) =: e y* : K0,/(jc)) - {x*,x)\ < 7\\x*\\s, for all x 6 X}. 
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3. Main results 



3.1. £- Isometric embedding into Banach spaces containing no £i. In 2003, Gode- 
froy and Kalton [ ] studied the relationship between isometry and linear isometry, and 
showed the following deep theorem: 

Theorem 3.1. (Godefroy-Kalton [8]j. Suppose that X, Y are two Banach spaces. 

(1) If X is separable and there is an isometry f : X ^ Y, then Y contains an 
isometric linear copy ofX; 

(2) If X is a nonseparable weakly compactly generated space, then there exist a 
Banach space Y and an isometry f : X ^ Y, but X is not linearly isomorphic any 
subspace of Y. 

In [3] Cheng, Dong, Dai and Zhou used invariant mean procedure to present a partial 
generalization of the Godefroy-Kalton theorem. Indeed, they proved that if such an s- 
isometry exists, and assume that Y is reflexive, then there is a linear isometry from X 
into Y. 

In this section, we will raise an open Problem 3.2 and give another positive example 
(i.e.. Corollary 3.5) for this problem by using the Rosenthal's £i theorem and Theorem 
1.6. 

Problem 3.2. Let X, Y be two Banach spaces, e > 0, / is a e-isometry from X into Y. 
Does there exist an isometry from X into 7? 

Lemma 3.3. (Rosenthal's €\ theorem [18]j. Let (a:,,)^^ be a bounded sequence in an 
infinite-dimensional Banach space X. Then either: 

(i) i^n)'^^i has a subsequence which is weakly Cauchy, or 

(ii) (^n)^j has a subsequence which is basic and equivalent to the canonical basis 
oft,. 

Theorem 3.4. Let X be a separable Banach space, and let Y be a Banach space such 
that no closed subspace ofY is isomorphic to t\. If s > 0, f is a s-isometry from X 
into Y, then there is an isometry from X into Y**. 
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Proof. Given jc s X, by the Rosenthal's ii theorem (i.e., Lemma 3.3), there ex- 
ists a weakly Cauchy subsequence {^)Zi of (^)r=i- Hence is a w*- 
convergent sequence in Y** . Let (-v:m),^=i be a norm-dense sequence of X. By a standard 
argument of principal diagonal, we can without loss of generality assume that 
satisfies that 

U{x,„) = w* - lim "^^ ^''^'"^ exists for all m e N. 

k Hk 

By Theorem 1.6, for each x* e there is a functional cf) e Sy such that 

K0, /(jc)) - (x*, x)| < 4s, for all x e X. 

Hence 

\{(p, iL-t^ia}.) - (^x*, Xm)\ < — , for all m, e N. 
Let tend to oo, we deduce that for all m e N, 

{(p,U(Xm)) = {x*,X,n). (3.1) 

Given m, n e N, by the Hahn-Banach theorem and the equality 3.1 we can choose a 
norm- attaining functional x* e Sx* such that 

\\Xm .^nll — X (jC,,; X,i) 

= {<p, U{x,„)) - {(/>, U{,x„)) 

< \\U{xJ - U{Xn)\\. (3.2) 

On the other hand, by the w*-lower semicontinuous argument of a conjugate norm, we 
deduce that for every /n, n 6 N 

\\U{Xm)-U{Xn)\\ = \\w -hm II 

k Hk 

^ . . WnuXm - nuXnW + s 

< lim ini 

k nu 

— Il-^m -^mII- (3.3) 

Therefore, combining inequality (3.2) and inequality (3.3) U is an isometry from the 
norm-dense sequence (jc,„)^^j into Y** . Obviously, U has a unique extension U : X ^ 
Y** such that U is also an isometry from X into Y**. 
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□ 

Corollary 3.5. Let X be a separable Banach space, and let be the James space. If 
s > 0, f is a s-isometry from X into J^, then there is a linear isometry from X into J. 

Proof. By the Godefroy-Kalton theorem 3.1 and the above theorem 3.4, and note that 
is isometric to its bidual 3'** admitting a separable dual but fails to be reflexive, 
nowadays known as the James space constructed by James in [11] and [12], we can 
easily complete the proof. 

□ 

3.2. Applications to continuous selections of a set valued map. In this section, we 
consider a set valued map version of Problem 1 .4 which is equivalent to the following 
problem. 

Problem 3.6. Whether there exists a constant y > depending only on X and Fwith 
the following property: For each e-isometry f -.X with /(O) = there is a w* - w* 
continuous linear selection Q of the set- valued map O from X* into 2^^^^* defined by 

0(x*) := {0 6 L(/)* : K0, fix)) - {x\x)\ < y\\x*\\s, for all x 6 X}, 

where L(f) = spanf(X). 

By using of Lemma 2.1, Lemma 2.2 and Proposition 2.3, we can obtain a weaker 
solution of Problem 1.4 (Problem 3.6), that is. Lemma 3.7 and Theorem 3.8. 

Lemma 3.7. Suppose that X, Y are Banach spaces, e > 0, r > and y > 4. Assume 
that f is a s— isometry from X into Y with f(0) = and that O is the set-valued map 
from X* into 2^-^^' defined by 

0(x*) := 10 e L(/)* : K<^, f{x)) - {x\x)\ < y\\x*\\s, for all x e X}, 

where L( f) = spanf{X). Then the following statements hold 

( i) There exists a minimal convex norm-w* usco map contained in O. 

(ii) If, in addition, Yis separable, then there exist a norm-dense Gg subset D ofX* 
and a selection Qof<!> such that Q is norm-w* continuous at each point ofD. 
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Proof, (i) For each n&Z^, let 0„ : nBx- 2^^'^' be defined by 

Q>n{x*) := {(f> e nBLify : \{(pj{x)) - {x*,x)\ < y\\x*\\s, for all x e X}, 

Assume that F : X* ^ 2^^^' is a set valued map such that for all x* &{n + V)Bx'\nBx* 
and n e N, 

F(0) = {0} and F{x*) = 0„+i(x*). 

Obviously, for each x* e X*, F{x*) is a nonempty, convex and w*- compact subset of 
L(/)* and F c O, then it suffices to show that F is norm -w* upper semicontinuous and 
hence by Zom's Lemma there exists a minimal convex norm-w* usco map contained 
in <I). 

Let (xDaer be a net convergent to x* e X* in its norm- topology, then there exist 
some no 6 Z+ and ao e F such that 

lU^II - '^0 (^t^d no - I < \\x*\\ < no, for all a > ao- 

Now, by the definition of 0„, for each G F(xl) we have for all a > ao, \\y*J\ < no. 
By the w* -compactness argument of noBufy, there exists a subnet (y*) c (j*) w*- 
convergent to some y* e noB^^fy and it follows that y* e F{x*). Therefore, F is norm- 
w* upper semicontinuous at each point x* 6 X* (If not, by the definition of a usco map 
for some w*-open set U d F{x*), we can find a net (x* norm-convergent to x* such 
that for every a e t, there exist y^ e F(x* ) and );* ^ i7. Since yl ^ U for all a e t, it is 
impossible that any subnet of it w*-converges to some y* e F{x*)). 

(ii)By (i) there exists a minimal convex norm-w* usco map F' with F' c F c O. By 
hypothesis, L(f) is separable, there exists a norm-dense countable set {x„}j'^^j c S L(f) 
such that the relative w*-topology on every bounded subset A of coincides with 
d a metric defined by 

CO 

d{x*,y*) = ^2'"\(x*,Xn) - {y*,Xn)\, for all x*, y* 6 A. 
11=1 

Assume that d(A) is the diameter of A with respect to d and that r is the norm- 
topology on X*. For each n e N, let G„ be defined by 

Gn = \ \{U : U e T such that F'(U) is w* - metrizable and d(F'(U)) < -}. 
^ n 
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Clearly, G„ is open in X*, we will show that it is dense in X*. 

Assume that V be a nonempty open subset of X* and that P is the natural projection 
from X* X L(/)* onto X*. By the definition of F in (/), we can choose any nonempty 
bounded open ball B of V, then F'(B) is norm-bounded in L{f)*. Thus, by the definition 
of d, d{F'{B)) < +00 and there is a w*-open subset W c L(/)* such that 

F'{B) nWi^fband d{F'{B) C\W) < l/n. 

Hence G(F') r\(BxW)i^(D and G(F')\(B x H^) is a proper closed subset of G(F'). 

Next, we will show that there exists e B such that F'{xl) c W. Or else, 

F'(x*)\W + for all x* e B. Now we define a set valued map E : X* ^ 2^^^^* 
for all X* e X* such that 

( F'(x*)\W, X* e B, (3.4) 

Eix) = 

[ F'{x*), X* i B. (3.4') 
It is obvious that £ is a nonempty w*-compact valued map such that 

G{E) = G(F')\(B xW)c G{F'). 

Then by Proposition 2.3 £ is a norm-w* usco map properly contained in F' which is a 
contradiction, since F' is a minimal norm-w* usco map. Therefore, there exists x^ e B 
such that F'ixl) c W. 

lfU = {x* € X* : F'ix*) cW}nB, then x* e f/ and U is an open set such that 

d(F'(U)) < d(F'{B) nW)< l/n. 

It follows that U c G„ and hence x* e V n G„ 0. Therefore, G„ is dense in X*. Now, 
let D = n^'^jG,,. since X* is a Baire space in its norm- topology, D is a dense Gs subset 
of X*. By the definition of D it is clear that F'{x*) is a singleton at each point x* e D. 
Since F' is norm-w* usco, and if 2 is a selection of F', then Q is also a selection of O 
such that 2 is norm-w* continuous at each point of D, and we complete the proof. □ 

Theorem 3.8. Suppose that X, Y are Banach spaces, s > 0, f is a s-isometry from X 
into Y with /(O) = 0. If we define the set-valued map : rBx' — > 2^^^^* with r > 
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and y > 4 by 

0,(x*) := {0 e rBL(jy : \{cp,f(x)) - {x*,x)\ < y\\x*\\£, for all x 6 X}, 

then is convex w*-usco at each point of rS x*- If in addition, Yis separable, then 
there exist a w* -dense subset D of {rBx',Tw') and a selection Q of<^r such that Q is 
w*-w* continuous at each point ofD. 

Proof. By the definition of O, , it is clear that O,. is nonempty, convex and w*-compact 
valued. Now, we will show that it is w*-w* upper semicontinuous at x* e rSx'- Let 
(jc*)„gr c rBx' be a net w* convergent to x* 6 rS x' and e <^r(K) for each a e F. By 
Alaouglu theorem, there exist a subnet (y*^) c (j* ) w*- convergent to some y* e rBu^fy 
and it follows that y* G 0,.(;c*). Therefore, Using the same notation and the same 
reasoning as in the proof of Lemma 3.7(i) is w* - w* upper semicontinuous at each 
point X* of rS x* ■ 

By Lemma 3.7(ii), it follows the second statement if X is finite-dimensional. It 
remains to show this case where X is infinite-dimensional, note that rS x' is w*- dense 
in rBx'. By Zom's Lemma there exists a minimal convex set valued map F c such 
that F is w*- usco at each point of rS x'- Note that rS x' itself is a Baire space with 
its relative w*-topology, and that rBufy is w*- metrizable if Fis separable. By Lemma 
2.2 there exists a dense Gg subset D of rS x' with its relative w*-topology such that F 
is single-valued at each point of D. Obviously, D is w*-dense in rBx'- Thus, we can 
choose a suitable selection Q of Q>r such that Q = F in D, hence Q is w*-w* continuous 
at each point of D. □ 

Combining Theorem 3.4, Theorem 3.8 with Proposition 2.8, we have the following 
two propositions about convexity and smoothness of Banach spaces under the pertur- 
bation of e-isometries. 

Proposition 3.9. Suppose that X, Y are Banach spaces, s > 0, f is a e-isometry from 
X into Y with /(O) = 0. Let Oi be defined the same as in Lemma 3.7 and Theorem 3.8. 
Then 

(i) X is smooth if there is a norm-w* continuous selection of<^i o 5|| • || : X — > 2^^-^^*, 

(ii) In particular, X* is strictly convex ifY* is strictly convex. 
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Proof, (i) Assume that cf) : X ^ L(f)* is a norm-w* continuous selection of Oi o d\\ ■ ||, 
that is, for every x e X, there is x* e d\\x\\ such that 0(x) e Since every selection 

of Oi is injective, if is a selection of Oi, then (p^^ o0 : X ^ 5x* is a selection of d\\ ■ \\. 
Hence by Proposition 2.5 it suffices to show that ^ ' o is norm-w* continuous. Let 
(Xn) c X norm-converges to xq e X, by assumption for each n e N there is x* e d\\xj\ 
such that (f>(x„) = (fix^) and that (p(xl) is w*-converges to (fix^), by Alaouglu theorem 
and Theorem 1.6 it follows that is w*-convergent to x*q. Therefore ' o is 
w*-convergent to (p^^ o and thus X is smooth. 

(ii) Assume that Y* is strictly convex, by the Hahn-Banach theorem every point 
of S Kf)* is an extremal point of Bmy. On the other hand, by the definiton of O, in 
Theorem 3.8, we can deduce that is injective and single valued at each point of Sx', 
and note that preserves line segments on that is, if L is a line segment of S x', 
then Oi(L) is also a line segment of S tiff which is a contradiction. Hence X* is also 
strictly convex. □ 

Proposition 3.10. Suppose thatX, Y are Banach spaces, s > 0, f is a s-isometry from 
X into Y with /(O) = 0. Then 

( i) X is strictly convex if Y* is smooth; 

( ii) X is weakly uniformly convex if Y* is uniformly Gateaux smooth; 
( Hi) X is strongly convex if Y* is Frechet smooth; 

(iv) X is uniformly convex ifY* is uniformly smooth; 

Proof, (i) Let be a selection of Oi such that for all x e X and x* e Sx', 



and let M be defined by 

M = span{ip{x*) : x* & S x'}- 

Since for every x & X, {^^} is a norm-bounded sequence of Y, it follows from 3.5 and 
uniform boundedness principle that the following limit exists for every m e M, 



\(<fi{x*),f(x))-{x*,x)\<4E, 



(3.5) 



{U(x),m) = lim< 



f(nx) 



,m>, 



n 



n 
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and U : Z ^ M* is well defined for all x e Z by 

Tir ^ * r ^^"^^ 
U{x) = w - lim . 

n n 

By an analogous proof of Theorem 3.4, U is an isometry from X into M* such that for 
each X* e Sx* and x &X, 

{ip{x*),U{x)) = {x\x). (3.6) 

Therefore, if Y* is smooth (In fact, U here is linear), then M as a subspace of Y* is also 
smooth. Hence by the above equality 3.6 X is strictly convex. 

(ii)Assume that Y* is uniformly Gateaux smooth. Let {x„}^'^p {yn}n=\ be two se- 
quences of 5 X such that 

limll — - — II = 1, 

n I 

by definition it suffices to show for every x* & S x* that 

\im{x*, Xn - yn) = 0. (3.7) 

n 

It follows from (i), the assumption and Proposition 2.8 (iv) that Y** is w*-uniformly 
convex and 

lim|| || = lim|| — - — 11 = 1, (3.8) 



we deduce for every n e M that f/(x„), U(y„) and ^fa^+^fa) have a unique norm- 
preserving extei 
tively such that 



preserving extension from M* to Y** denoted by U(Xn), Uiyn) and £i£«2i£(Z«2^ respec- 



U{Xn) + U{yn) ^ UjXn) + U(yn) . g 

2 2 ■ ^ ^ 

It follows from Proposition 2.7, equality 3.6, 3.8 and 3.9 that for every x* e Sx*, 

lim{x* , x„ - y^) = lim<^(x*), U(x„) - Uiyn)) 



= lim<^(x*), U{Xn) - Uiyn)) = 0. (3.10) 

n 

Hence 3.7 holds, by Proposition 2.7 X is weakly uniformly convex. 

(iii-iv) It follows from the assumptions of (iii) and (iv) that Y is reflexive, thus we 
can easily deduce from (i) and Proposition 2.8 that M* of (i) is strongly convex and 
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uniformly convex, respectively. Hence X is strongly convex and uniformly convex, 
respectively. 

□ 

At the end, we address some open problems about g-isometric embeddings. 

Problem 3.11. Suppose that X, Y are Banach spaces, £ > 0, / is a e-isometry from X 
into Y with /(O) = 0. Then 

(i) Does there exist an isometry from X into 7? 

(ii) Can we characterize the space X (F) satisfying that for every Y (X), if such / 
exists, then there is an isometry from X into 7? 

(iii) If, in addition, Y has some property ( P ) ( for example, smoothness, convexity), 
so does XI 

Acknowledgement. The authors would like to express their appreciation to Prof. 
Lixin Cheng for many very helpful comments on the stability of Banach spaces for 
e-isometries. 
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